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We consider the problem of stability of motion, in the sense of Liapunov, of
a heavy rigid body with a fixed point. The body moves on the surfgce of the
Earth's sphere and its center of gravity ¢ 1is not located on one of the
principal axes of inertia at the point of support. We use the integral of
the energy of the system in order to obtain the sufficient condition of sta-
bility of the unperturbed motion of the system.

1. Under the assumption that the center of gravity is located on one of
the princi 1 axes of inertia at the point of support the problem has been
solved in Without this assumption the problem becomes considerably
more complicated and it becomes much more difficult to determine the position
of eguilibrium of the system and the form of stabllity conditions,.

Let Ox:1h2 8and Oxys be right handed coordinate systems with their ori-
gins at the point of support, The x,~axis coincides with the direction of
the velocity vector of the point of support, the x, ~axis is along the Earth's
radius vertically up [2]. The axes x, g &2 are rixed in the body, the
diiction of zx-axls 1s such that the center of gravity of the body 1s on this
axis,

We could have selected a different orlentation of the x,y,x axes, for
example we could have made them coincide with the three principal axes of
inertia of the body at the point of support, and the orientation of the vec-
tor 0C 1in this system could have been determined by its x,y,r components.
However, such & choice of coordinates does not make the problem any simpler.

The equations of motion of the system projected on the x,y,r axes have
the form dK

dv
G AR = (£ e g oL 0, G0
dK . dv

i FrK — PK, = — (F,— mov) L}, — mvl,Q0, — ml; 57 6 @9

dKz . . ; v
& +PK,— gk, =0 (‘U='ﬁ)
=Ap—Fq—Er, K,=Bq—Dr— Fp, K,=Cr—Ep—1Iyg (1.2)

Here A,B,C,F,E,D are the respective axial and centrifugal moments of
inertia of the system; p,q,r are the x,y,x components of the angular
velocity of the xyr trihedron; is the force of gravitation; m 18 the
mass of the body; v 41s the velocigy of the point of support; R 18 the
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Earth's radlus; £, 1s the r component of the vector 0C ; Q 4is the
angular velocity of the trihedron x,y, 2, about the =2, -axis, This system
in which v and 00 are constants permits the energy integral analogous to
the one shown in [3]. This last has the form

V== [Yep— (1 + 090)] K+ [Mog — (e + 0)] Ky, 4+ [VVor — (s 4 0B9)] K, +
+ (F g —mov) L, + mol Q9 =h (43)

2. The integral (1.3) can be used for obtaining sufficlent conditions of
stability. The equilibrium occurs when the coordinates assume the following
values

a=a; P=Pv="yo (2.1)
and aq, Bo, Yo S&tisfy Equations
[qu—-rK”-—(Fg-—mmv)lz\bz——rnvle\‘}2]o== 0 (2.2)

[rK,—pK, -+ (F,—mov) L, + mvl Q8 ], =0
(PKU—‘ qu)o =0
The subscript , 4n (2.2) and later on will indicate that the correspond-
ing functions are taken at .the values (2.1). Assuming that the motion deter-
mined by Equations (2.1) is unperturbed, we obtain, analogously to [3], that
this motion is stable in the Liapunov sence if all the principal diagonal
minors of the matrices

B=|b;l @x3 C=lc;ll  (3x3) (23)
by = 2 (AP - Ba? + CPs?) — (Fprpe 4 Epips + Darps)lo (2.4
by, = [Y, (4 cos® y 4 C sin? y) — E cos y sin v, bgy = /3B
big = by = Y, [(Ahy — Fy — EWp3) cosy + (Cps — Ep; — D) sin Yl
"byg = by = 1/, (B — Fpy — Didgo, bgg = bgy = — 1/, (F cosy + D sin y)o

en = 1,0 {4 (p%; — 00®) + B (¢80, — 00,) + C (r¥; — 085?) +
+ F [208,8, — (pB; + ¢8))] + E [208,05 — (pfs + r0)]1 +
-+ D[2008,8; — (¢85 + rB,)] — mRQLG;}

Yo {l(B —C)(g* — r*) — Fpg — Epr — 4Dgr —

Coy =
N — (Fy ~ ma) by — mvR185] cos? y + (4 — B) (7* — ¢) —
— 4Fpq — Epr — Dgr]sin*y + [(2B — A — C) pr + 3¢ (Fr + Dp) +
+E P+ 2 —2¢) + (Fg — mov) L, 4 mvQI, 8] cos y sin ylo
¢33 =Yy (4 — C) (p* — 1®) — Fpq — 4Epr — Dqr - (Fg — mwv) 1,3 — my Q1o
€1y = cay = Y4@ {[(C — B) (¢85 + r9;) + F (pby + b)) — E (P, -+ g01) +

+ 2D (183 — g6,) — mRQ1,8,) cosy + [(B — 4) (pB; + ¢61) + .
+ 2F (g0, — pb;) + E (¢85 + r8;) — D (pbs + r0y)] sin yho
s = g = Yy 0 [(A — C) (pB; + 18y) — F (g0, - 78,) -+ 2K (P60, — r9;) +
~+ D (pb, 4~ ¢6) + mRQL6; L
Ca3 =30 = /3 {{cc — 4) pg + F (¢ — ) + r(2Eq - Dp)lcosy + [(4 — _C) qr i
+ p(Fr+2Eq) + D (¢* — pP) + (Fy — mov) L, + myR1,0,] sin v},

are positive.

Let us mention that Equations (2.2) have the solution ao= O, Bo= O,
Yo= O if

(C—B)oQ +D(Q? - —mvl,Q=0, Fo-+EQ=20 (2.3)
In this case the sufficent conditions of stability assume the simple form
C>0, AC—E2>0, ABC — 2FED — AD? — BE:t — CF2 >0 (2.8)

(B—A)o —DQ>0
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(2.6)
cont.

(B —4)o —DQ] [(C — B) (Q*—0?) — 4D0Q — (Fg — mo?) ] — @ (FQ— Ee)*> 0
—(Fg — mwv — mRQ% 1, >0
3. We shall assume that the x, y, z axes are the principal axes OE
inertia of the body at the point of support, £,< O and the conditions 4]
(unperturbed physical pendulum)
C=0, A=B=—mlR (3.1)
are satisfied,
Then the relations (2.5) will be also satisfied and the condition of sta-
bility of the system will be [5 to 7] the well known ihequality
Fg— mwv — mRQ2 >0 (3.2)

&, Having the cholce in the selection of the x, y, z axes we can direct
them along the principal axes of inertia at the point of support and deter-
mine the orlentation of the vector (C by its components £,, £ , £, In
certain cages such a cholce of axes can be obtained elther direc%ly as in
the preceding cases, or by using the previously obtained results and perform-
ing in them a suitable transformation of coordlnates.

The energy integral of the system has the form
V=140 — (@ + 001)] Ap + [/s g — (Qba,+ 0s)] Bg + [Far — (Uhs + 0ds)] Cr +
+ (F g — mav) (Lahr 4 Lps + 1s) + moQ (I + 40+ 1,0) =1 (4.1)

The unperturbed motion

a==tty B=Po, T=T0 (4.2)
where an, Bo, Yo satisfy Equatilons
[(C — B) gr + (F g — maw) (I,ps — L) + moQ (1,08 — 1,04)]o =0 (4.3)

(A — C)rp +(F g — mov) (I — Ls) + moQ (1,6 — L:Bs)]o = 0
(B — A4) pg + (F g — mov) (lahs — L) + moQ (Leha — 1,81)]o =

will be stable in the Liapunov sense 1f all the principal diagonal minors of

the matrix
C = ¢;jll (3x3) (4.4)
en="130[A4(ph — 08¢) + B (g0: — 08?) + C (rds — wbs?) — (4.5)
— mRQ (L8 + 1,024 1:08))0

ez ="z {{(B — C) (¢* — r®) — (F g — mow) (I, ps + 1,43) — mvQ (1,03 + 1,0s)] cos® 1 +
+ (A — B)(p? — %) — (F g — mwv) (L + Lpa) — moQ (1,01 + 1,04)] sin? v +
+ [(2B— A — C) pr + (F g — maw) (s + 1$1) -+ moR (1,05 + 1,81)] cos ysin 1},

ess =3 [(A — C) (P* —1*) — (F g — mov) (Ihy + 1) — m¥Q (L + 1, Ba)]o

cre=¢n =33 0 {{(C — B) (g0s+ r0:) + mRQ (1,0 — 1,8,)] cos 7 + [(B — A) (p9: + ¢01) +
+ mRQ (1,0, — 1,61)] sin 7)o
o1 == s =13 0 f(A— C){pbs -+ r0;) + mRQ (1,0, — 1,85)],
c1s = coa = Y2 {[(C — A) pg + (F g — maww) Ly + mvQLBq] cos 1 +
+ [(4 —C) gr + (F g —~ maw) L ;b 4 muQl,Ba] sin 1}o
are positive.

We shall consider now a special case of the problem. The center of gra-
vity of the body 1s located in the ys plane (4,= O}, The values a = O ,
B =8, y =8 correspond to the poslition of equilibrium of the system.

The coordinate py, satisfies Equation
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{C — B) [¥/, (R — w?) sin 28 4 Qw cos 28] 4 {F g— mao) (1, cos B — I, sin B) —

—moQ(l; cos -+, sinB)lp =0 (4.6)
The sufficlent conditions of stability of the unperturbed motion are
cu>0, ¢€2>0, c¢pem—cy?>0 (4.7)

=110~ Aw + B ceef — Cu,sin B 4+ mRQ(l,sin B — 1, cos B)Jo (4.8)
cag =15 [{B — C) (012 — @,2) — (F g — maw) (I, sin 8 + [, cos B) +~ mvQ (I, sin B — l,cos 2
e33 =1 [(C — A) 02 — (F g — mwv)l, cosB -+ movQl, sin 8],
=130 [(A~—C)ws +mRQL,),, w=owcosB+Qsind, wy=—owsinB+Qcos3

Equation (4.6) has the solution Be= O , if £,, £, satisfy the relation
(C — B)Qw == —(F g — mawv) I, + mvQl, (4.9)
In this case the inequalities (4.7) take om the simple form

(B— 4) 0 —mAQY,>0, (B—C)(w*—Q%)—(Fg—mwv)l,—moQl,>0 (4.10)
[(B — A) © —mRQI] [(C — A) Q¥ — (F g — mawv) L} —
—0[(A—B)Q 4+ (R/v)(F g — mov) 2 >0

When £, =0, £,< O then from (4.7) and (4.10) we obtain the conditions
or]stabni{:y of a spherical pendulum, which have been previocusly obtained in
1].

The condition (4.9), in particular, is satisfied if &,=~ O and if the
relations (3.1) are satisfied., In this last case the sufficient conditilon

of stabllity is (3.2).
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