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We consider the problem of rt8bllity of motion, ln the 8enae of Llapunov, of 
a heavy rlgld body with a fixed point. The body move6 on the rurfqac of the 
Esrth’s sphere and its center of gr8vity C Is not located on one of the 
principal axes of Inertia at the pQlnt of support,. We we the Integral of 
the energy of the system in order to obtain the sufflclent condltlon of sta- 
blllty of the unperturbed motion of the system. 

1. Under the assumption that the center of gravity Is looated on one of_ 
the prlncl 
solved in 11. p” 

1 axes of Inertia at the point of support the problqm has been 
Without this assumption the problem beoomes oonslderably 

more complicated and it becomes much more dltflcrilt to dttermlne the position 
of e,qulllbrlu& of the eyetem and the form of stability oondltlons. 

Let OX~Y~Z~ and Oxw be right handed COOrdlmte aydX?mti with their Orl- 
gins at the point of support. The x1-axis colnaldes with the direction of 
the velocity vector of the point of support, 
radius vertically up [2]. The axes x, 

the 8,“axis Is along the Earth’s 

! 
, 8 an fixed In the body, the 

dlrctlon of r-axis Is such that the ten er of gravity of the body Is on thle 
ax10 , 

We could have selected a dlfferent orlentatlon of the x,y,z axee, for 
example we could have made them coincide with the three principal axes of 
anertla of the body at the point of support, and the orientation of the veo- 
for oc In this system could have been determined by its x,y,r components. 
However, such a choice of coordinates does not make the problem any simpler. 

The equations of motion of the system projected on the x,y,# axeI have 
the form dK 

dKv 
dt $ rK, - pK, = - (Fg - J7lW) lz$l - ~rWl,fi26~ - ml; $ 81 (1.1) 

dKz -&-pK,-qKx=O (o+) 

K,=Ap-Fq-Er, KU=Bo-Dr--F~, Kz =0--p- Dq (I.“) 

Here A, B, C, F, E, D are the respective axial and centrifugal moments of 
inertia of the system; P,4 ,r are the x,y,x components of the angular 
velocity of the xyx trlhedron; F ia the force of gravitation; m 1s the 
mass of the body; V 1s the velocity of the point of support; R la the 
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Earth’s radius; L, Is the I component of the vector OC ; n. la the 
angular velocity of the trihedron x~I/~x~ about the z1 -axis. This system 
In which v and t2 are constants permits the energy integral analogous to 
the one shown In [ 33. This last has the form 

a* The integral (1.3) can be used for obtaining sufficient conditions of 
stab11 ity . The equilibrium occurs when the coordinates assume the following 
values 

a = a,, B - PO, y = yo (2.1) 

and ao, PO, y. satisfy Equations 

I’lK, - TK!, - (Fg - IWV) lzQ2 - mvl,c226*]o = 0 (2.2) 

ir~F,--P~, -t (FY-- mov) l,gl + nlvl,Q61]o = 0 

(PK, - qK, hJ = 0 
The subacrlpt in (2.2) and later on will indicate that the correspond- 

ing functions are taken at-the values (2.1). Assuming that the motion deter- 
mined by Equations (2.1) la unperturbed, we obtain, analogously to 133, that 
this mtiOn 18 stable In the LlapWKW sence If all the principal diagonal 
ItIinOr8 of the matrices 

B = II bij (I (3x3) c = /lCij II (3X3) (2.3) 

h = 1’12 (Ah” -I- W2 + CW) - (F$&a + WI% -l- 092~a)lo (2.4) 

hzz = [1/2 (A co9 y + C sin2 7) - E cos y sin y],,, b,c = VpB 

b,, = bzl = *I2 kW1 - F% - E%) cos Y + (C$, - E% - DW sin y10 

‘bl, = b,l = l/s (B& - F$, - Dqgo, bzg = b,, = - II2 (F cos y f D sin y)~ 

~11 = ‘/a~ {A (~6, - of)I) + B (962 - 6W) + C (& - Q-JB,~) + 

+ F I!@@, - (pee, + &)I + E PW% - (~6, + &)I + 

-I- D [2@@3 - (qe3 -I- &J I - mR Q @3h 

C 23 = l/3 { [(B - C) (92 - 9) - Fpq - Epr - 4Dqr - 

- (Fg - mw) Qs - mvG?Zzf)J co9 y + [(A - B) (p2 - q7 - 
- 4Fpq - Epr - Dqr] sins y + [(2B - A - C) pr + 3q (Fr $ Dp) $ 

+.E(p2+ G-- 2q2) f (Fg - mwv) lzql + mvQl,6,] cos y sin y:o 

C33 = l/2 [(A - C) (fl - 9) - Fpq - 4Epr - Dqr - (Fg - mov) lzj+, - mvQ1,6s]o 

Cl2 = c21 = '/2O {IF -B) (go, + &,I + F (PO, + 6) - E w, -t qel) + 

+ 20 (4 - 402) - mR m,e,i cos Y + I@ - 4 be, + gel) + 

+ 2F fqe, - pel) + E tqe, -t- re,) - D tpes + &,)I sin yh 

Cl3 = CSl = '/2 0 [(A - c) tpe, + re,) - F fqe3 -t re,) -I- 2E be, - 4) + 

+ D (pea + qe,) + mm4e,i0 

c23 = .cs2 = 1/z { f(C - A) pq + F (q2 - r*) i- r (2Eq -C Dp)] cos y -I- [(A - C) qr +- 
i- p (Fr -I- 2Eq) i- D (q2 - p2) $ (Pg - nod 1,$2 -k mvQl,621 sin Yh 

are positive. 
Let us mention that Equations (2.2) have the solution ao- 0, go= 0, 

yo- 0 If 
(C -B) 062 + D (S-i2 .- 02) - mvl,Q = 0, Fo+EQ==O (2.5) 

In this case the sufflcent conditions of stability assume the simple form 

C>O, AC-@>O, ABC--FED-AD2-Bc-CCF>0 (2.6) 

(B - A) co -DQ>O 
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(2.6) 
cont. 

(~-d)~-~~]f(C-B)(St2--3)-4~~9-(Fg-m~~~Z,l- o(FQ--W*>O 

- (Fs - mccv - mRf2) I,>0 

3, We shall assume that the X, y, z axes are the principal axes o 
inertia ox’ the body at the polnt of support, 
(unperturbed physical pendulum) 

L,< 0 and the conditions F 41 

are satisfied s 
& = 0, A = B = - ml,R (3.1) 

Then the relations (2.5) will be also satisfied and the condition of sta- 
bility of the system will be [5 to 73 the well known Mequality 

.Fg - maw - mRB’>O (3.2) 

4, Having the choice In the selection of the x, y, I axes we can direct 
them along the principal axes of Inertia at the point of support and deter- 
mine the orientation of the vector OC by its components t,, L I, . 
certain cases such a choice of axes can be obtained either dlre&y as in 

In 

the preoeding casea, or by using the previously obtained results and perform- 
fng in them a suitable transformation of coordinates. 

The energy Integral of the system has the form 

V s [l/a P - G-J% + d.h)l & + [I,‘8 q - (!ih&~,+ ofh)l Bq + h’~ r - (Wb + @+dl cr + 

-I- (Fg- mod (MI + ~~$3 + &%I + mvQ (@t + &fh + Mat = h (4A) 

The unperturbed motion 

a = Qo, P =Por T==To (4.2) 

where a~, go, ye satisfy Equations 

f(C - B) 9’ + (Fg - mwv) (l&a - l&a) -I- m&J (@a - &&)]o = 0 (4.3) 
&A - Cl v + IPg - m@ &tpI - &&s) + m& (J&h - ~&$I0 = 0 

IV-AA)w+W, - ITLo@ &pa - Q#d 3 FmQ f&&i - qh) Jo = 0 

will be stable in the Llapunov sense if all the principal diagonal minors of 
the matrix 

c = [I cij II wa (4.4) 

CL!8 = CZII = l/8 {[(C - A) pq + (Fs - mou) &$a + mvQ&JhJ cm r + 
+ [(A - C) qr + (Fg - mow) i,* + mvQ~&af sin 710 

are positive . 

We shalt consider now a special case of the problem. The center of gra- 
vity of the body is located in the yr plane (8,~ 0). The values a - 0 , 
B - 60, Y’B correspond to the position of equilibrium of the system. 

The coordinate go satisfies Equation 
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((C - B) [‘I2 w - 02) sin 2fi + Qo cos 2B] + (Fg - moo) (1,005 P - li sin PI - 

- mvQ(1, cosb + 1, sinPj)c=O (4.6) 

The auffldent conditions of stability of the unperturbed motion are 

,c1a>O, cz2>0, q1c33- cd> 0 (4.7) 
cl1 = l/a 0 [ - h + hi ccc p - C0z sin p + &St (1, sin p - 1, c0S P)]o (4.8) 

cgq = ‘12 [Q? - C) (Q - a@) - (F, - mu-v) (Iv sin p + I, cos p) + mvS2 (It sin p - I, cos :)I0 

c33 =y2 [(C - A)O22 - (Fg - mov) 1, co@ -+ mvQZ, sin PI0 

c1a = 'ho ((A - C) WI + mm&, ol=wcosp+Qsin$, Q=-~sin3+Qcos3 

Equation (4.6) has the aolution I&,= 0 , If 1 1, I) sat’lsfy the relation 

(C - E) !a0 = - IF& - wtlv) I, + mv81, (4.3) 

In this case the inequalities (4.7) take on the Simple form 

(B-A) 0 -mmRSZl,>O, (B-C)(d-V)-(Fg-mov)l,-mmvS2Zu>0 (4.10) 

[(B-~)o-mmRal,][(C-~)P2-(Fg-~mga)I,~- 
- o &4 - B) Q + (R/v) (Fg - mov) l$ > 0 

of !2%1111; 
r11. 

0 , A,< 0 then from (4.7) and (4.10) we obtain the conditions 
of a spherical pendulum, which have been previously obtained In 

The condition (4.9), In particular, is satlsfled if L,= 0 and If the 
relations (3.1) are satlsfled. In ,this last case the sufficient condition 
of stability Is (3.2). 
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